CHAPTER 3 DIFFERENTIATION 


3.1 TANGENTS AND THE DERIVATIYE AT A POINT 

1. Pi: mi = 1, Po: m2 = 5 2. Pj: mi = —2, P 2 : m2 = 0 

3. Pi: mi = §, P 2 : m 2 = - \ 4. Pi: mi = 3, P 2 : m 2 = -3 


5. m = lim [4-(-i + h)V(4-(-i)3) 
h->0 h 

= lim - d-2h + h2 )+i = lim h(2-h) = 2 
h->0 h h^O h 

at(—1,3): y = 3 + 2(x — (—1)) => y = 2x + 5, 

tangent line 


y 



6 . 


m - lim [O+ h-D 2 + iMa + = lim £ 

h-tO h h-tO h 

= lim h = 0; at (1,1): y = 1 + 0(x — 1) => y = 1, 
h —> 0 

tangent line 


7. 


m = lim = lim 

h -» 0 h h ->0 

= lim 4(1 +h)- _4 __ 

h->0 2h(yi+h + lj h —0 

at (1,2): y = 2 + l(x — 1) => y 


2\/1 + h-2 _ 2y21 +h + 2 

h ’ 2 v / l+h + 2 

_2_ = 1. 

V 7 ! +h+ 1 

= x + 1, tangent line 


y 




8. m = lim 


(-i+it* n? 


o 


= lim 


1 -(- 1 +h ) 2 


h"o h(—1+h) 2 


— lim — t 2h + h 2 ) _ ,■ 2 — h _ 2 - 

h™ 0 h (—1 +h) 2 h™ 0 1-1 + h) 2 

at (—1,1): y = 1 + 2(x — (—1)) =► y = 2x + 3, 
tangent line 
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9. m = lim 

h->0 


(—2 + h) 3 -(—2) 3 


— lim 

h —> 0 


—8 + 12h — 6h 2 + h 3 + 8 


= lim (12 — 6h + h 2 ) = 12; 
h -> 0 v ' 

at (-2, -8): y = -8 + 12(x - (-2)) => y = 12x + 16, 

tangent line 



10. m = lim 

h^O 

= lim 


(-2 + h)J (-2+ 


= lim 


i-(-2 + h) 3 


h " o —8h(—2 +h) 3 


— (12h —6h 2 +h 3 ) 


= lim 


12 — 6h + h 2 


h “ o —8h(—2 + h) 3 q 8(—2 + h) 3 

12 _ _ _3_. 

8(—8) 16’ 


at (-2. - g) : y = - 5 - b( x - (-2)) 

— x _ - 

16 A 2’ 


=>■ y = — A x — |, tangent line 



11. m = lim 

h->0 


[(2 + h) 2 +1] — 5 _ 


= lim 
h->0 


(5 + 4h + h 2 ) — 5 


= lim = 4; 

h^O h 


at (2,5): y — 5 = 4(x — 2), tangent line 


12. m = lim 

h^O 


[(1 + h) — 2(1 + h) 2 ] — (—1) 


= lim 

h^O 


(1 + h — 2 — 4h — 2h 2 ) + 1 


= lim 
lwO 


h(—3 - 2h) _ 


= —3; 


at (1, —1): y + 1 = —3(x — 1), tangent line 


13. m = lim 

h->0 


(3 + h)-2 3 _ i- (3 + h) — 3(h + 1) 

h hZTn h(h +1) 


= lim 


—2h 


.Lili! 1/1 , i \ 

h^O h(h+ 1) 


= - 2 ; 


at (3,3): y — 3 = —2(x — 3), tangent line 


14. m = lim 

h^O 


r -2 


= lim 


8 — 2(2 + h) 2 


= lim 


8 — 2 (4 + 4h + h 2 ) 


_ _ _ íj™ — 2h(4 + h) _ —8 _ _r\, 

h^O h (2 + h) 2 hTo h(2 + h) 2 h(2 + h) 2 4 


at (2,2): y - 2 = -2(x - 2) 


15. m = lim < 2 + h)3 - 8 = lim (8 + i 2 h + 6h 2 +h 3 )-8 = Um h(i 2 + 6h + h 2 ) = n 

h-/0 h h^O h h->0 h 


at (2,8): y — 8 = 12(t — 2), tangent line 


16. m = lim 
h^O 


= lim 

h->0 


= lim 

h->0 


= 6 ; 


at (1,4): y — 4 = 6(t — 1), tangent line 


17. m = lim — t h —- = lim v/4 " l h h —- • l + ~ = lim (4 + h) 4 _ |j m h —— 

h->0 h h->0 h v / 4 + h + 2 h->0 h( x /4 + h + 2J h^O h(/4 + h + 2j V4 + 2 

= |; at (4, 2): y — 2 = \ (x — 4), tangent line 


18 . m = um '/ (í ^ 1 p- 3 = lim ^±^4 . = lim <2±M^9 = Um h 

h h->0 h V9 + h + 3 h-íO h (y9 + h + 3J h0 h (^/9 + h + 3j 


h^O 
— 1 _ 1 . 


at (8, 3): y - 3 = 2 (x - 8), tangent line 


19. At x = — 1, y = 5 => m = lim 5( ~ 1 + h)2 ~ 5 = lim 5 ( 1 ~ 2h + h2 )-s = lim 5h( ~ 2 + h) = -10, slope 
2 h^O h lwO h h^O h 1 
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20. At x = 2, y = -3 => m = lim [1 -O + h)-] -(-3) = Hm (i-4-4h-h 2 ) + 3 = lim ~h(4 + h) = _ 4 sl 
J h^O h lwO h h^O h 


21. At x = 3, y = ¿ => m= lim 
J 2 h^O 


(3 + m-i i _ 2 - (2 + h) _ u„ -h 


= Jim 2hí2Tht = ~ z. sl °P e 


h“ o 2h(2 + h) _ h“ o 2h(2 + h) 


22. At x = 0, y = — 1 => m = lim h 1 . ( n = lim (h J3 ( ,\ +11 = lim . . 2 **.. = 2, slope 

y h^O h h->0 h(h +0 h^O h(h+1) F 

23. At a horizontal tangent the slope m = 0 => 0 = m = Jirn^ l (x + h ^ + 4 < x + h)- (1~ ( x + 4x -ri 

= lim (x 2 + 2xh + h 2 +4x + 4h-i)-(x 2 +4x-i) = lim (2xh + h 2 +4h) = lim (2x + h + 4) = 2x + 4; 

h^O h h -> 0 h h —> 0 

2x + 4 = 0 => x = —2. Then f(—2) = 4 — 8 — 1 = —5 => (—2, —5) is the point on the graph where there is a 
horizontal tangent. 


24. 0 = m = lim 

lwO 


[(x 4- h) 3 - 3(x + h)] - (x 3 - 3x) 


= lim 


(x 3 + 3x 2 h + 3xh 2 4- h 3 - 3x - 3h) - (x 3 - 3x) 


= lim 3x 2 h + 3xir + h 3 — 3h = lim ( 3x 2 + 3 x h + h 2 - 3) = 3x 2 - 3; 3x 2 - 3 = 0 => X = -1 or x = 1. Then 
h -> 0 h h -> 0 v ' 

f(—1) = 2 and f(l) = —2 => (—1,2) and (1, —2) are the points on the graph where a horizontal tangent exists. 


25. -1 = m= lim <x h) V ^ = lim (x ~ n ~ (x + h = lim 

h 0 h h 0 h(x-l)(x + h-l) h 


h — h0 h (x-l)(x4-h-1) — h q h(x — l)(x + h — 1) (x-1) 2 

=> (x — T) 2 = 1 => x 2 — 2x = 0 => x(x — 2) = 0 =$■ x = 0 or x = 2. If x = 0, then y = — 1 and m 

=>- y — — 1 — (x — 0) = —(x + 1). If x = 2, then y = 1 and m = — 1 =>• y = 1 — (x — 2) = —(x — 3). 


= -1 


26. 4 = m = lim 


lwO 


= lim . Jx + h+vA = lim (x+h)-x 

h h->0 h v x + h 4- yx h->0 h( x /x + h4- v /xj 

mu 7 . -v = • Thus, 4 =¡ + 7 = => \/x = 2 => x = 4 => y = 2. The tangent line is 

h —> 0 h (vATh4- v/x) 2vA 4 V 4 o 


= lim 


y = 2+i(x-4) = | + 1. 

97 j im f(2 + h) — f(2) = lim (100 —4.9(2 + h) 2 ) — (100 — 4.9(2) 2 ) = Um -4.9 (4+ 4h + h 2 )+4.9(4) 

h ->0 h h ^0 h h ->0 h 

= lim (—19.6 — 4.9h) = —19.6. The minus sign indicates the object is falling downward at a speed of 19.6 m/sec. 

h —> 0 

28. lim frio + hi-fdO) = Um 3 (10 + h) 2 — 3( 10) 2 ^ Um »rf) =60ffc 
h — 0 h h^0 h h-^0 h 


29. .lim V + = .lim * 3+ h ? - "t# = .lim ^ 9 + 6h h +h2 - 9 l = lim tt( 6 + h) = 6n 


h — 0 


h^0 


h —> 0 


h -> 0 


30. lim f(2 + t 4~ f(2) = lim + J* 2 ’ 3 = lim J [i2h + 6h 2 +h 3 ] = Um ^ j 12 + 6h + h 2] = l6n 

h — 0 h h^0 h h^0 h h^0 3 1 J 


31. At (xo, mxo + b) the slope of the tangent line is lim 

h —> 0 


(m(xo + h) + b) - (m xp + b) 


(x 0 + h)-x 0 h^0 

The equation of the tangent line is y — (mxo + b) = m(x — xq) =>■ y = mx + b. 


= lim 2(4- = lim m = m. 


h^O 


32. At x = 4, y = -4- = \ and m = lim 


lim 

h->0 


Ví 

2- y/4+ii _ 2+ y/4 + h 
2hx/4 + h ' 2+Ví+h 


■Jt + ii 2 _ 


h —> 0 


= lim 

h^O 


4 — (4 + h) 


y/4 + h ~ 


2y/4 + h 
2^4 + h 


- h lh J 0 


lim 

h^0 \ 2hv/4 + h(2+x/4 + h) 


= lim 

h-^0 \ 2hd4 + h(2+v/4 + h) 
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trPPo 1 2v/4 + h(2 + V4 + h) 


2 ^( 2 +^) 


33. Slope at origin = ^lirn^ — + ^ —— = ^lim^ - s ‘° h = ^lirn^ h sin (i) = 0 =$■ yes, f(x) does have a tangent at 
the origin with slope 0 . 


34. lim 

h — 0 


= lim 

h^O 


= lim sin i. Since lim sin , does not exist, f(x) has no tangent at 

h h^O h h ->0 h 0 


the origin. 


35. lim = lim = 00, and lim = li m ^ = 00. Therefore, 

h -> 0 - h h - 0 - h h -V 0 + h h -> 0 + h 

Jirn f(0 + h i |~ f(Q) = oo =>. yes, the graph of f has a vertical tangent at the origin. 


f(0 + h) — f(0) _ 


f(0 + h)-f(0) _ ,• 1-0 _ 


36. lim U(0+h ? —— = lim — qq anc j ü m U(0 + h) — = p m i_L = o => no, the graph of f 

h->(r h h->(r h tw0 + h h^0 +h 6 v 

does not have a vertical tangent at ( 0 , 1 ) because the limit does not exist. 

37. (a) The graph appears to have a cusp at x — 0. y 



(b) lim fl0 + h ? —— = lim h2 't 0 = lim ¡J* = —00 and lim tJ/í — 00 

v 7 h _ n- h h _ n- h h n- h 3 / 5 h ->0 + h ' 


limit does not exist 


the graph of y = x 2 / 5 does not have a vertical tangent at x — 0 . 


38. (a) The graph appears to have a cusp at x — 0. 



(b) lim fl0 + h ? —— = lim h4 ' t 0 = lim ¡-m = — 00 and lim ¡375 = 00 => limit does not exist 

v 7 h — n- h h _ n- h h n- h 1/5 h -> 0 + h ' 


y = x 4 ' 5 does not have a vertical tangent at x = 0 . 


39. (a) The graph appears to have a vertical tangent at x = 0. 



(b) lim f(0 + h ? —— = lim hl , 0 = lim ¡i = 00 => y = x 1 / 5 has a vertical tangent at x = 0 . 
w h^O h h^0 h lwO h / J 6 
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40. (a) The graph appears to have a vertical tangent at x = 0. 



(b) h li m Q f( ° + h )| —— = h li m 0 h ° h ° = h ^ m 0 p 75 = ex) =$■ the graph of y = x 3 / 5 has a vertical tangent at x = 0. 


41. (a) The graph appears to have a cusp at x = 0. 


(b) lim f(0 + h >- f(Q) - lim 4h2/5 - 2h 
v h^o- 


= lim ¡4? 
h-»(r h / 



h h 0- h 

limit does not exist => the graph of y = 4x 2 / 5 — 2x does not have a vertical tangent at x = 0. 


42. (a) The graph appears to have a cusp at x = 0. 



(b) lim f(0 + h ? —— = lim h °' 3 , 51r '' = lim h 2 / 3 —-¿ 3 = 0 “ lim era does not exist => the graph of 
h->0 h lwO h twO h/ h^0 h/ 6 F 

y = x 5 / 3 — 5x 2//3 does not have a vertical tangent at x = 0. 

43. (a) The graph appears to have a vertical tangent at x = 1 
and a cusp at x = 0. 


(b) x = 1: lim (i +h) 2 / 3 — (i + h — t) 1 / 3 — i = Um (i + h ^-hV3-i = _ Qo 

h^O h h->0 h 

=$■ y = x 2 ' 3 — (x — l) 1 ' 3 has a vertical tangent at x = 1; 
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x = 0: 


lim feo+h) — f ( o) = Um t 
h 0 h h -y 0 

does not exist => y = x 2 / 3 


h 2/3 _ (h - 1)V3 1)1/3 

h 


= lim 

h->0 


(x — l) 1 /' 3 does not have a vertical tangent at x = 0. 


44. (a) The graph appears to have vertical tangents at x = 0 and 



vertical tangent at x = 0; 

x = 1: lim fü+h . ) ~ f(1) = lim (1 + h)1/3 + (1 + h ~ 1)1/3 ~ 1 = oo => y = x 1 / 3 + (x - l) 1 / 3 has a 
h->0 h h'->0 h 3 


vertical tangent at x = 1. 


45. (a) The graph appears to have a vertical tangent at x = 0. 



(b) lim f < 0 + h) - f(Q) = lim = lim % = 

h^0 + h x^0 + h lw0\/h 

hm f(0+h h ) - f(0) = lim lim VÑ = 

h -* (T h h -► 0- h h 0- ^ l h l 

y has a vertical tangent at x = 0. 


lim 

tw(T 



46. (a) 


(b) 



=> y = 


— x does not have a vertical tangent at x = 4. 


47-50. Example CAS commands: 

Maple : 

f := x -> x A 3 + 2*x;x0 := 0; 

plot( f(x), x=x0-l/2..x0+3, color=black, # part (a) 

title="Section 3.1, #47(a)"); 

q := unapply( (f(x0+h)-f(x0))/h, h ); # part (b) 
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L := limit( q(h), h=0 ); # part (c) 

sec_lines := seq( f(xO)+q(h)*(x-xO), h=1..3 ); # part (d) 

tan_line := f(xO) + L*(x-xO); 

plot( [f(x),tan_line,sec_lines], x=xO-l/2..xO+3, color=black, 
linestyle=[ 1,2,5,6,7], title="Section 3.1, #47(d)", 
legend=L"y=f(x)","Tangent line at x=0","Secant line (h=l)", 
"Secant line (h=2)","Secant line (h=3)"]); 

Mathematica : (function and valué for xO may change) 

Clear[f, m, x, hj 
xO = p; 

f[x_]: = CosLx] + 4Sin[2x] 

Plot[f[x],{x,xO- l,xO + 3}] 
dq[hj: = (f|xO+h] - f[xO])/h 
m = Limit[dq[h],h —> 0] 
ytan: = f[x0] + m(x — xO) 
yl: = f[x0] + dq[ 1 J(x — xO) 
y2: = f[x0] + dq!2](x - xO) 
y3: = f[x0] + dq[3](x - xO) 

Plot[{f[x],ytan,yl,y2,y3}, {x,xO — l,xO + 3}] 

3.2 THE DERIVATIVE AS A FUNCTION 


1. Step 1: f(x) = 4 — x 2 and f(x + h) = 4 — (x + h) 2 

Qj. 2- f(x + h) — f(x) __ [4 — (x + h) 2 ] - (4 — x 2 ) _ (4 — x 2 — 2xh — h 2 ) — 4 + x 2 _ -2xh - h 2 _ h(-2x-h) 

r ' h h h h h 

= —2x — h 

Step 3: f'(x) = lim (-2x - h) =-2x; f'(-3) = 6, f'(0) = 0, f'(l) =-2 


2 . 


F(x) = (x - l) 2 + 1 and F(x + h) = (x + h - l) 2 + 1 => F'(x) = lim [(x + h-i) 2 + i]-[(x-t) 2 + 

h —> 0 n 


lim h 2 — 2x — + 1 + 1) — (x 2 — 2x + 1 + 1) 

h™0 h 


lim 2xh + ^ 3h = lim (2x + h - 2) 
h -> 0 h h ^ o 


= 2(x - 1); F'(-l) = -4, F'(0) = -2, F'(2) = 2 


3. Step 1: 


Step 2: 


Step 3: 


g(t) = | and g(t + h) 


g(t + h) — g(t) _ (t+h) 2 t 2 
li h 

_ h(—2t — h) _ —2t — h 
(t + h) 2 t 2 h (t + h) 2 t 2 

= h h “ 0 ÜTW : 


(t + h) 2 
( t 2 - (t+h) 2 \ 

V (t+h) 2 -t 2 ) _ t 2 — (t 2 + 2th + h 2 ) _ —2th-h 2 

h — (t + h) 2 -t 2 -h — (t + h) 2 t 2 h 


= f i g'(-l) = 2. g'(2) = - i, g' (y/3) 


2 

3vT 


4. k(z) = and k(z 


l.) _ 1 — (z + h) 

’ 2(z + h) 


k'(z) = lim 
lwO 


r i —(z+h) 
2(z+h) 


= lim 

h->0 


(1 — z — h)z — (1 — z)(z + h) _ 1 - 

2(z + h)zh 11111 


z — ir — zh — z — h + ir + zh lim — h 

h ^ O 2 ( z + h )zh _ h o 2 ( z + h)zh 


= ^;k'(-l)=-i,k'(l) = -i,k'( v / 2) =- 


lim 

h^O 


-1 

2(z + h)z 


5. Step 1: p(0) = y/30 and p (9 + h) = i/3 (6 + h) 
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Step 2: 


Step 3: 


p(0 + h)-p(0) \fi(S + h)- T 3 ® 

( 7-39 + 3h- \/39j 

^3e + 3h + y/íéj 

(3f? + 3h) — 36 

h — h 

h 

(7 3 í | + 3 h+7 3 s) 

h(7 3 0 + 3h+7 3 9) 


_ _3h_ _ 3 

h(y39Í3h+^) v / 3É> + 3h+ s/39 

p'(é») = h lirn o V 3 g+ l +V3g = 7517751 = 7755 ; p'(D = 777 > P'! 3 ) = b p' (I) = 


3 

272 


6. r(s) = '/2sTl and r(s + h) = 7'2(s + h) + 1 => r'(s) = 3/23 + 2 h + 1 - 7t ±I 

]jm (\/2s + h+l-72s+l) ^ (y/2s + 2h+l + 72s+l) _ ^ (2s + 2h + 1) - (2s + 1) 

h —> 0 ^ ^-\/2s + 2h + 1 + \/2s + 1^ h —* 0 h ^ -\ ( /2s _ -Í-^2h _ -Í^T + y/2s + 1^ 

— l[ m _ 2h _ _ — \[ m 2 _— 2 _— _ 2 

h —> 0 h ^\/2s + 2h+ 1 + \/2s+ 1^ h —» 0 \/ 2s + 2 ^ + 1 + \/ 2s + 1 \/2s+l + -\/2s+l 2y / 2s~+T 

= 7¿TT ; ^°)= 1 >^ 1) =73^ü) = 71 

7. y = f(x) = 2x 3 and f(x + h) = 2(x + h) 3 => g 2(x + h ¿ 3 ~ 2x3 = 2(x 3 + 3x 2 h + 3xh 2 + h 3 )-2x 3 

= lirn 6x 2 h + 6xh 2 + 2h 3 = lim h (6x 2 + 6xh + 2h 2 ) = |jm + 6xh + 2 h 2 ) = 6x 2 

h->0 h h->0 h lwO V ’ 


g r = s 3 _ 2s 2 + 3 =í> - = lim ft s + h ) 3 - 2 ( s + h ) 2 + 3 ) ~ ( s3 ~ 2s2 + 3 ) — l¡,-n s 3 + 3s 2 h + 3sh 2 + h 3 — 2s 2 — 4sh — h 2 + 3 — s 3 + 2s 2 — 3 


= lim 

lwO 


ds h — O h 

= lim 3s ~ h + 3slr + h3 ~ 4sh - h ~ — ü m h ( 3s +3sh + h — 4s h ) — ii m ( 3 s 2 + 3 s h + h 2 — 4s — h) = 3s 2 — 2s 
h -» O h h —> O h h-^0 


9. s = r(t) = ‘ . and r(t + h) = t+h 


ds 


2t+l 

( (t + h)(2t+1) —t(2t+2h+1) ^ 


2(t+h)+l 


= lim 


( 20 +h) h +l) (a+l) 


_ 1- y (2t+ 2h+ l)(2t+1) ) _ ,■ (t + h)(2t+ 1) — t(2t + 2h + 1) 

h“o h h“o ( 2 t + 2 h+l)( 2 t+l)h 

= lim 2t A,+ 2 £+ h 7ff7l ht ~ t = lim , =- ,7,., = lim 


(2t + 2h + l)(2t+ 1 )h 

_ 1 


h7o (2t + 2h + l)(2t+l)h h x 7o (2t + 2h+l)(2t+l) 


(2t+ l)(2t+ 1) (2t+ 1 ) 2 


10. £ = lim 

dt lwO 


l t + h )- j¿h] -(t-Q 


, 1.1 ( h(t+ h)t— 1 + (t+ h) 3 

= lim — = ii m v- 0 +w - )_ 

_ h O h h-^0 h 

_ ht 2 + h 2 t + h ’• * 2 - 

— , AA1AA ^ hit 4- hit 


: lim = lim 1 = A 1 = 1 + ,7 

h —> O h (t + h )t h —> O (t + h) 1 1 1 


1L P = ^ = 7q+T and f (q + h) = 7(q + h) + l =» S = h '™0 

í y/q+i-y / q+h+A 

_ i;™ V yq+^+Wq+i ) _ i;rv , 7q + 1 ~7q+ h+1 
h™o h h™o h77+h+T7T+T 


( y2<q+ i 


+ W +12 


= lim 


(7q + i~\/q + d +i) (7q + H~7q + h+i) 


i_i 

/q+1 ) 


= lim 


(q+ 1) — (q + h + 1) 


h^o h7q+h + 1 7q + 3 (7q + 1 + 7q+ h + 1 ) h —>0 ^7q+h+i7q + 3 (7q+ 33 "7q 3 ' 3l 't 3 ) 


= lim 


= lim 


h —1 o h7q+h+i 7q+> (\/q +1 -t~v 2 q+h-i- 1 ) ^__>o 7q+ h + 3 7q 3_3 (7q 3_33 "7q 3 ' d3 "0 

_^__ -i 

7q + > 7q + 3 (7q+ 3 + 7q+0 2 (q+ 1 )7q + 3 


12 . 


dz — lim W 3 < w + h >- 2 \/3w— 2 ) _ 7 3w — 2 — 7 3 w + 3h ~ 2 

dw h^o h h-iO h73w + 3h-2\/3w —2 

__ , irn (7 3w ~2~ 7 3w + 3h - 2 ) ^ (73w-2+73w+3h-2) _ _ (3w-2) ~(3w +3h-2) _ 

h^O h73w 4- 3h — 2 7 3w — 2 ^7 3w — 2 + 7 3w + 3 d — 2^ h —1 O h73w + 3h — 2 7 3w — 2 ^7 3w — 2 + V 3w + 3 h — 2^ 


h^O V3w + 3h - 2 7 3w - 2 ( 7 3 « - 2 + 73w + 3h - 2 ) 73w - 2 73w - 2 (^3w - 2 + 7 3 ® - 2 ) 

_^3_ 

2(3w — 2) \/ 3w — 2 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 



Section 3.2 The Derivative as a Function 


13. f(x) = x + l and f(x + h) = (x + h) + 


f(x + h) — ffx) 
h 


_ x(x + h) 2 + 9x - x 2 (x + h) - 9(x + h) _ x 3 + 2x 2 h + xh 2 + 9x - x 3 - x 2 h - 9x - 9h 
— x(x + h)h — x(x + h)h 


(x + h, + <ITh> “ x+ x 

h 

_ x 2 h + xh 2 - 9h 

— x(x + h)h 


h(x 2 + xh - 9) 
x(x + h)h 


— x 2 + xh - 9 . fl( \ _ i: 

- x(x + h) ,I(Xj_ h™0 


i 2 + xh - 9 
x(x + h) 


= = 1 - £ ; m = f'(—3) = 0 


14. k(x) = and k(x + h) = 


i 


2 + (x + h) 


k'(x) = lim k(x + h ¿- k(x) = lim ( 2+x+1 ! 2 ^ 

h^O h h^O h 


= lim ( g,t x) TÁ 2 + x ,\ h) = lim 


h “ 0 h(2 + x)(2 + x + h) 

k'(2) = -^ 


---= lim --- 

o x )(^ + x + h) h^O ^ ++ x + h) 


-1 

(2 + x) 2 


je ds = Yim [( t + h ) 3 -( t + h ) 2 ]-( t3 - t2 ) _ li m (t 3 + 3t 2 h + 3th 2 + h 3 ) - (t 2 + 2th + h 2 ) -1 3 +1 2 
' dt lwO h h-^0 h 

= lirn 3t 2 h + 3th 2 + h 3 — 2th — h 2 = Um h (3t 2 + 3th + h 2 - 2t - h) = Um ^2 + m + h 2 _ 2 t - h) 
h -» 0 h h —* 0 h h -► 0 

= 3t 2 — 2t; m = || (= _ 1 =5 


16. ^ = lim 

dx k _i r 


(x + h) + 3 _ x+3 

‘- |x+h ’ ‘~ x = lim 


(x + h + 3)(1 - x) - (x + 3)(1 - x - h) 


= lim wí— 

h^O h < 1 " : 


4h 


i>)0-*) h^o (*- 


(l-x-h)(l-x) 


h 


4 

4 


- h)(l - 


= lim 

h^O 

. dy I 


x + h + 3 — x 2 — xh — 3x — x — 3 + x 2 + 3x + xh + 3h 


(1 -x) 2 ’ dx 


x=—2 


4 

(3) 2 


h(l — x —h)(l — x) 

4 
9 


17. f(x) = 


\/x — 2 


and f(x I h) — 


8 f(x + h)-f(x) _ y/'lx + hl-í 

V(x + h)-2 ^ h — h 


8| 

^-\/x — 2 — x/x + h — 2^ 

1 1 

^ x/x — 2 + x/x + h — 2^ _ 8[(x — 2) - 

- (x + h — 2)] 


hy/x + h — 2x/x — 2 | 

^\/x — 2 + \/x + h — 2^j h\/x+ h — 2 \/x — 2 ( 

^ \/x — 2+-\/x + h — 2j 



f'(x) = lim 


h —> 0 v x + h-2v x — 2 í vx —2+-\/x + h —2J 

; m = f'(6) = | => the equation of the tangent 


/x-2\/x-2( i V / x-2+v / x-2J (x-2) v / 

line at (6,4) is y - 4 = - \ (x — 6) => y = — £x + 3 + 4 => y = — yX + 7 


18. g'(z) = lim 

& h->0 



- = lim - 
h->0 

^\7d — z — h — x/4 — Zj 

1 1 

^x/4 - z - h + V 4 - z) 


h 1 

^\/4 — z — h + \/4 — zj 


( 4- z -h)-(4-z) = lim 


= lim , __ 

h —> 0 h í a/ 4 —z —h+ yjA — z 


= lim 


-i 


2y/ÍT¡ ’ 


m = g'(3) = 


-i 


2V4-3 


h —> 0 h ^\/4^z^h+\/4^z^ h^O (^\/4 — z — h+\/4 — zj 

the equation of the tangent line at (3, 2) is w — 2 = — | (z — 3) 


=^w = —^z+§+2=>w=—^z+|. 


19. s = f(t) = 1 - 3t 2 and f(t + h) = 1 - 3(t + h) 2 = 1 - 3t 2 - 6th - 3h 2 => = _ lim 

= lim (1 - 3t 2 - 6th - 3h 2 ) - (1 ^ 3t 2 ) = lim ( _ 6t _ 3h) = -6t => £jf ¡ = 6 

h-+0 h lwO dtlfc - 1 


f(t+h)-f(t) 


20. y = f(x) = l-±andf(x + h)=l- í ±_ =* g = fon 


f(x + h . ) - f(x) = lim 

h h^O 


1-1 


1_]_ 

= lim -—= lim , k ... = lim . *,. = 4 
h o h h —> o x ' x + h)h h _> o x ' x + h) x 




21 - ^ = m = v ir d ^dí(e + h) = 77 J WTW) 


ér = lim «e + v-m = lim 


de 


2 _ 2 

y/4-e-h y/4-8 


h -> O 


h->0 


= lim 


2^4-9-2x74- e-h 


h^O h^/4-9 x/4-fl-h 


= lim 


2\743fl-2x/43gTh _ (2y74^fl + 2x/4-g-h) 

O hx/4-9 y/4-9-h (2x/4-0 + 2\/4-0-h) 
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l im _ 4(.i-tf)-4<i-fj — n>_ = lim _ 

h->0 2h A - 9 A - 6 - h ( A - 6 + A - 9 - h) h-> 0 A-» A 1 


+V4-0-h 


(4-0) 2 A 


1 _v dr 1 

(4-fl)v , 4-0 dí> 0=0 8 


f(z + h) - f(z) 


22. w = f(z) = z + ^/z and f(z + h) = (z + h) + y z + h => = ^lim^ h 


= lim 

h —> 0 


(z + h+A+h)-(z + A) _ h+A+h-A_ .. . AA~A (A+1 i+A) 

h hTo h - h lnn o 1+ h '(aA+A) 


= 1 + lim (z+hj- z = , + lim __L— = 1+ i => M 

h^O h ^A + h +a) h —» 0 A + h+ A 2 A dz I z„4 4 


2^ f'í'x'l = lim f ( z ) ~ f M — lj m z+2_x+ 2 . _ Ij™ (x + 2)-(z + 2) _ _ x-z _ _ lj™ _=1_ — -1 

■ í ‘ ^ ' zfx z-x z-x zMx(z-x)(z + 2)(x + 2) z 1 S 1 x(z-x)(z + 2)(x + 2) zM\ (z + 2)(x + 2) (x + 2) 2 

24. f'(x) = lim MAM = lim (z z -3z + 4) - (x z -3x + 4) = lim z 2 -3z-x 2 + 3x = j im z 2 -x 2 -3z + 3x 
v/ z —> x z — X z —> X z — X 7 —^ x z — X 7 —> X z — X 


z —> x Z-x z^x Z-x 


= lim (z — x )( z + x ) — 3( z — x) = lim (z x)[(z + x) 3] = lim r, ^ __ 3 j = 2x _ 3 

z —> x z — x z —» x z — X z —» X L x 2 J 


25. g'(x) = lim ——— = lim = lim A x A —A—A = lim - ,, z+ , x , —xy = lim —A—xy = -—A 

' Z^X Z-x z^x Z-x z —> x (z-x)(z-l)(x — 1 ) Z —> x(z —x)(z- 1 ) (x — 1 ) z —» x(z-l)(x-l) (x-l)“ 


26. g'(x) = lim ——Al — ii m ( : + A) (1± A) _ jj m A—A . A+ A _ ¡j m -AA— -¡~r = lim r 1 r = -A 

DV/ z —»X z — X z —>X z —X 7 —»x z — X 4 / 7 .-I- 4/x 7 —>XI7 - xi ( 4 / 7 . -l- 4 /xl 7 —»X4/74-4 /x 94/1 


Z —> X Z-x 


A+A z —► x(z - x)(A+ A) z^xA+A 2 A 


27. Note that as x increases, the slope of the tangent line to the curve is first negative, then zero (when x = 0), 
then positive => the slope is always increasing which matches (b). 

28. Note that the slope of the tangent line is never negative. For x negative, Mx) is positive but decreasing as x increases. 
When x = 0, the slope of the tangent line to x is 0. For x > 0, f^(x) is positive and increasing. This graph matches (a). 

29. Í 3 (x) is an oscillating function like the cosine. Everywhere that the graph of f 3 has a horizontal tangent we expect f/¡ to be 
zero, and (d) matches this condition. 


30. The graph matches with (c). 

31. (a) f' is not defined at x = 0, 1, 4. At these points, the left-hand and right-hand derivatives do not agree. 

For example, lim f(x) A (0) = slope of line joining (—4,0) and (0, 2) = i, but lim MAM _ s i 0 pe of 

x^0 xu z x^0 +xu 

line joining (0,2) and (1, —2) = —4. Since these valúes are not equal, f'(0) = lim^ M~ |j 0) ¿oes no t exist. 

(b) 


y' 
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32. (a) (b) Shift the graph in (a) down 3 units 




33. 

y 


3.2 

- 

1 

0.6 

: °~o— 

1 1 1 1 1 y 

-0.7 

- 84 87 88 

-3.3 

- 0—0 


34. (a) 


p 



(b) The fastest is between the 20 ,h and 30 th days; 
slowest is between the 40 th and 50 th days. 


35. Answers may vary. In each case, draw a tangent line and estímate its slope. 

(a) i) slope « 1.54 =>f « 1.54° £ ii) slope « 2.86 « 2.86° £ 

iii) slope « 0 => f « 0°£ iv) slope « -3.75 =>• f « -3.75° £ 

(b) The tangent with the steepest positive slope appears to occur at t = 6 =$■ 12 p.m. and slope « 7.27 => ^ 
The tangent with the steepest negative slope appears to occur at t = 12 =>• 6 p.m. and 

slope « -8.00 =>• f « -8.00° £ 


Slope 



36. Answers may vary. In each case, draw a tangent line and estímate the slope. 


(a) 


Ib 

J month 
Ib 

’ month 


ii) slope 


-35.00 


dW 

dt 


-35.00 


i) slope w -20.83 ^ « -20.83 

iii) slope « -6.25 =>• ^ « -6.25 
(b) The tangentwith the steepest positive slope appears to occur at t — 2.7 months. and slope 
-53.13 


month 


7.27 


dW 

dt 


month 


7.27° 
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(c) 


slope 



t (months) 


37. Left-hand derivative: For h < 0, f(0 + h) = f(h) = h 2 (using y — x 2 curve) => lim 

h —> 0 


= lim = Hm h = o; 


h-»0“ 


h = (T 


f(0 + h)-f(0) 
h 


Right-hand derivative: For h > 0, f(0 + h) = f(h) = h (using y = x curve) 

= lim h 7° = lim 1 = 1; 
h —► 0+ h h -> 0+ 

Then lim f (° + h )- f (0) -j. ij m fio + h) - f(0) the derivative f'(0) does not exist. 


lim f(0 + h ¿- f(0) 
h 0 + h 


h -> 0- n h -> 0+ 

38. Left-hand derivative: When h < 0, 1 + h < 1 =>• f(l + h) = 2 

= lim 0 = 0; 
h->0“ 


lim f(1+1 V~ f(1) = lim ^ 
h -> 0“ h h -> o- h 


Right-hand derivative: When h > 0, 1 + h > 1 => f(l + h) = 2(1 + h) = 2 + 2h => lim 

= lim (2 + 2 h) ~2 = ü m = lim 2 = 2; 
h -> 0+ h h = 0+ h h = 0+ 

Then lim f( - 1+h . ) ~ f(1) ^ lim f(l +h) ~ f(1) => the derivative f'(l) does not exist. 


fq+h)-fd) 

h 


h = 0 


h -> 0+ 


39. Left-hand derivative: When h < 0, 1 + h < 1 =>■ f(l+h)= y 2 1 + h 


üm «i + h»-«n 
h = o- h 


1 


_ 1. 


= hm hm ^ 1+ h h - 1 J ■ ^ + 1 = lim ^ _ -_ 5 , 

h->0“ h h —> 0~ h [x/l+h+lj h —> 0 _ h^l+h + lj h -> 0“ vO+h+1 2 


(1+h) - x = lim 


Right-hand derivative: When h>0, 1 + h > 1 => f(l + h) = 2(1 + h) — 1 = 2h + 1 => lim 

h -> 0 + 


f(l+h)-f(l) 


= lim <2h±iWl 
lw0 + h 


= lim 2 = 2; 
h = 0+ 


Then lim f(1+hx f(1 > jj m f(1 + h) —LO the derivative f'(l) does not exist. 


h —> 0 


h -> 0+ 


40. Left-hand derivative: lim f( 1 + h ? —— = ji m LL±Jl>—1 = ij m 1 = 1; 

h -> 0- h h -> (r h h -> 0- 


_y ; l (1-H) \ 

Right-hand derivative: lim + = n m ii±L— L — li m v 1 + h > 

5 h = 0+ h h = 0+ h h = 0+ h 

= lim ¡-,r h .. = lim tLt: = — 1; 

h -> 0 + h(1+h) h -> 0+ 1 ~ h 

Then lim f O+ h )- f d) / lim fn + hWflh => the derivative f'(l) does not exist. 


h = 0 


h ->0+ 


41. f is not continuous at x = 0 since lim f(x) = does not exist and f(0) = — 1 

x —» 0 


42. Left-hand derivative: lim s(h) . s(0) = lim —- = lim An = +oo; 

h -> 0- h h = 0- h h = 0- h /3 


Right-hand derivative: lim g(h) . g(0) = lim h “ 0 = lim Am = +oo; 

6 h -> 0+ h h = 0+ h h -> 0+ h ' 

Then lim g(h) ~ g(0) = lim g(hx . g(Q) = + oo => the derivative g'(0) does not exist. 


h->0“ 


h ^ 0+ 
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43. (a) The function is differentiable on its domain —3 < x < 2 (it is smooth) 

(b) none 

(c) none 

44. (a) The function is differentiable on its domain — 2 < x < 3 (it is smooth) 

(b) none 

(c) none 

45. (a) The function is differentiable on — 3 < x < 0 and 0 < x < 3 

(b) none 

(c) The function is neither continuous ñor differentiable at x = 0 since lim f(x) / lim f(x) 

X -> 0 X 0 + 

46. (a) f is differentiable on —2 < x < —1, —1 < x < 0, 0 < x < 2, and 2 < x < 3 

(b) f is continuous but not differentiable at x = — 1: lim f(x) = 0 exists but there is a córner at x — — 1 since 

X —> —1 

lim f(-t+h)-ft-i) — _3 anc [ j| m fí-t-t-hi-fí-t) _ ^ f'(—l) does not exist 

h -> 0- h h -►0+ h 

(c) f is neither continuous ñor differentiable at x = 0 and x = 2: 

at x = 0, lim f(x) = 3 but lim f(x) — 0 => lim f(x) does not exist; 

x^O x^0 + x —» 0 

at x = 2, lirn^ f(x) exists but lirn^ f(x) ^ f(2) 

47. (a) f is differentiable on — 1 < x < 0 and 0 < x < 2 

(b) f is continuous but not differentiable at x = 0: lim f(x) = 0 exists but there is a cusp at x = 0, so 

x —> 0 

f'(0) = lim f l° + h) ~ f(0) ¿oes not exist 
h-^0 h 

(c) none 


48. (a) f is differentiable on —3 < x < —2, —2 < x < 2, and 2 < x < 3 

(b) f is continuous but not differentiable at x = —2 and x — 2: there are corners at those points 

(c) none 



(c) y' = 2x is positive for x < 0, y' is zero when x — 0. v' is negative when x > 0 

(d) y = —x 2 is increasing for —oo < x < 0 and decreasing for 0 < x < oo; the function is increasing on intervals 
where y' > 0 and decreasing on intervals where y' < 0 


50. (a) f'(x) = lim f(x + h . )-f(x) 

h^O h 


lim 

lwO 



h 


lim 

lwO 


—x + (x + h) 
x(x + h)h 


lim 

twO 


1 

x(x + h) 
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(b) 



(c) y' is positive for all x ^ 0, y' is never 0, y' is never negative 

(d) y = — i is increasing for —oo < x < 0 and 0 < x < oo 



(c) y' is positive for all x/0, and y' = 0 when x = 0; y' is never negative 

(d) y = y is increasing for all x / 0 (the graph is horizontal at x = 0) because y is increasing where y' > 0: y is 
never decreasing 



(c) y' is positive for x > 0, y' is zero for x = 0, y' is negative for x < 0 

4 

(d) y = ^ is increasing on 0 < x < oo and decreasing on — oo < x < 0 


y/ (2(x + h) 2 — 13(x + h) + 5) — (2x 2 — 13x + 5) | 2x 2 + 4xh+ 2h 2 — 13x — 13h + 5 — 2x 2 + 13x — 5 

• y “h^O h “h^O h 

= lim 4xh + 2 h" — t 3 h _ jj m _|_ oh _ 13 ) = 4 X — 13 slope at x. The slope is — 1 when 4x — 13 = —1 
h->0 h h —> 0 V F F 

=+ 4x=12 => x = 3 =>- y = 2-3 2 — 13-3 + 5 = —16. Thus the tangent line is y + 16 = (— l)(x — 3) 

+> y = —x — 13 and the point of tangency is (3, —16). 


54. For the curve y = \/x, we have y' = lim 
v h -»0 


X + h+ A) = lim (x + h) —x 

x + h+yx) h —- 0 (+x + h+ ^x) h 


= h lim^ ^ + ¿ + y- = • Suppose (a, y^a) is the point of tangency of such a line and (—1, 0) is the point 

/a_0 \/a 

on the line where it crosses the x-axis. Then the slope of the line is a + (1) = which must also equal 
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^t= ; using the derivative formula at x = a => = ^ 7 = =4> 2a = a + 1 => a = 1. Thus such a line does 

2-^/a 0 a+1 2^/a 

exist: its point of tangency is ( 1 , 1 ), its slope is and an equation of the line is y I = 1 (x I) 

=> y = h + i 


55. Yes; the derivative of —f is — f' so that f'(xo) exists => —f'(xo) exists as well. 


56. Yes; the derivative of 3g is 3g' so that g'(7) exists => 3g'(7) exists as well. 

57. Yes, ^lim |||| can exist but it need not equal zero. For example, let g(t) = mt and h(t) = t. Then g(0) = h(0) 

= 0 , but lim ^ = lim ^ = lim m = m, which need not be zero. 

58. (a) Suppose |f(x)| < x 2 for -1 < x < 1. Then ¡f(0)| < O 2 => f(0) = 0. Then f'(0) = h lim o f(Q + h i |- f(0 ) 

= lim = lim For ¡h| < 1, -h 2 < f(h) < h 2 => -h < ® < h => f'(0) = lim ^ = 0 

lwO h lwO h 1 1 - -h- w h_ 0 h 

by the Sandwich Theorem for limits. 

(b) Note that for x^O, ¡f(x)| = |x 2 sin = |x 2 | |sin x| < |x 2 | - 1 = x 2 (since —1 < sin x < 1). By part (a), 
f is differentiable at x = 0 and f'( 0 ) = 0 . 

59. The graphs are shown below for h — 1.0.5, 0.1. The function y = — 7 - is the derivative of the function 

2y x 

y = y/x so that = ^lirn. —— ■ The graphs reveal that y = ^ x + ¡| —— gets closer to y = 

as h gets smaller and smaller. 

y y y 



60. The graphs are shown below for h = 2, 1, 0.5. The function y = 3x 2 is the derivative of the function y = x 3 so 
that 3x 2 = ^lim^ (x+l ^ ~ x _ The graphs reveal that y = (x+h ¿ ~ x gets closer to y = 3x 2 as h 
gets smaller and smaller. 
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61. The graphs are the same. So we know that 
for f(x) = |x|, we have f'(x) = * . 


y' 

i i- 


-i i 


X 


¿-1 



63-68. Example CAS commands: 

Maple : 

f := x -> x A 3 + x A 2 - x; 
xO := 1; 

plot( f(x), x=x0-5..x0+2, color=black, 
title="Section 3.2, #63(a)"); 

q := unapply( (f(x+h)-f(x))/h, (x,h)); # (b) 

L := limit( q(x,h), h=0 ); # (c) 

m := eval( L, x=x0 ); 
tan_line := f(x0) + m*(x-x0); 
plot( [f(x),tan_line], x=xO-2..xO+3, color=black, 
linestyle=[ 1,7], title="Section 3.2 #63(d)", 
legend=["y=f(x)","Tangent line at x=l"]); 

Xvals := sort( [ xO+2 A (-k) $ k=0..5, xO-2 A (-k) $ k=0..5 ]): # (e) 

Yvals := map( f, Xvals ): 

evalf[4](< convert(Xvals,Matrix), convert(Yvals,Matrix) >); 
plot( L, x=x0-5..x0+3, color=black, title="Section 3.2 #63(f)"); 

Mathematica : (functions and xO may vary) (see section 2.5 re. RealOnly ): 

«Miscellaneous' RealOnly' 

Clear[f, m, x, y, h] 
x0= 7r /4; 
f[x_]:=x 2 Cos[x] 

Plot[f[x], {x,xO - 3,x0 + 3}] 
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q[x_, h_]:=(f[x + h] - f[x])/h 
m[x_j:=Limit[q[x, h], h —> 0] 
ytan:=f[x0] + m[xO] (x — xO) 
Plot[{f[xJ, ytan¡,{x, xO - 3, xO + 3}] 
mLxO - 1]//N 
mLxO+ 1]//N 

Plot[¡f[x], m[x]¡,{x, xO - 3, xO + 3}] 


3.3 DIFFERENTIATION RULES 


1. y = -x 2 +3 =* g = A(-x 2 ) + A(3) = -2x + 0=-2x g =-2 


2. y = x 2 + x + 8 =>• ^=2x+l+0 = 2x+l => g = 2 


dx 2 


3. s = 5t 3 - 3t 5 =► | | (5t 3 ) - A (3t 5 ) = 15t 2 - 15t 4 =* |f = A (15t 2 ) - | (15t 4 ) = 30t - 60t 3 

4. w = 3z 7 - 7z 3 + 21z 2 ^ = 21z 6 - 21z 2 + 42z =s> ^ = 126z 5 - 42z + 42 


5. y = 4 x 3 — x =* |=4x 2 -l => g=8x 

6. y=f + f + t =► ^=x 2 +x+i =► g =2x+l+0 = 2x+l 


7. w = 3z- 2 - z- 1 =*► ^ = -6z- 3 + z^ = ^ + j ¡ => = 18z- 4 - 2z~ 3 = 


8. s = -2t _1 + 4t~ 2 => | = 2f 2 - 8r 3 = l - | =► |f = —4t~ 3 + 24f 4 = g + f 

9. y = 6x 2 - lOx - 5x” 2 => g = 12x - 10 + 10x^ 3 = 12x - 10 + => g = 12 - 0 - 30x" 4 = 12 - g 

10. y = 4 - 2x - X" 3 =► %=-2 + 3x" 4 = -2 + A ^ g = 0 - 12x“ 5 = 


11 r — I c-2 _ 5 -1 .. dr _ _ 2 -3 , 5 —2 _ -2 , _5_ . A _ 2s -4 _ c„-3 _ 2 _ 5_ 

1 A - 1 — ^ ^ ^ N U 9 » — ^ c 3 l 9 C 2 ~^ Hc2 — ^ — «4 c 3 


3s 3 ~ 2s 2 ds 2 


12. r = 120- 1 - 4é»" 3 + r 4 =» A = -126»" 2 + 12 d~ A - 4 9~ 5 = ^ + ^ => g = 24<T 3 - 486>- 5 + 20 9 

— =4 _ 48 , 20 

— gz gb -T gb 

13. (a) y = (3 - x 2 ) (x 3 - x + 1) =* y' = (3 - x 2 ) • A ( x 3 _ x + i) + ( x 3 _ x + i) - £ ( 3 - x 2 ) 

= (3 - x 2 ) (3x 2 - 1) + (x 3 - x + 1) (—2x) = —5x 4 + 12x 2 - 2x - 3 

(b) y = —x 5 + 4x 3 - x 2 - 3x + 3 => y' = -5x 4 + 12x 2 - 2x - 3 

14. (a) y = (2x + 3) (5x 2 - 4x) => y' = (2x + 3)(10x - 4) + (5x 2 - 4x) (2) = 30x 2 + 14x - 12 

(b) y = (2x + 3) (5x 2 - 4x) = 10x 3 + 7x 2 - 12x =>• y' = 30x 2 + 14x - 12 


q-6 


15. (a) y=(x 2 + l)(x + 5+i) => y , = (x 2 + l)-A( x + 5 + I) + ( x + 5 + I).iL(x 2 + l) 

= (x 2 + 1)(1 - x“ 2 ) + (x + 5 + x- 1 ) (2x) = (x 2 - 1 + 1 - x“ 2 ) + (2x 2 + lOx + 2 ) = 3 x 2 + lOx + 2 - A 
(b) y = X 3 + 5x 2 + 2x + 5 + i => y' = 3x 2 + lOx + 2 - A 
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16. y = (1 + x 2 ) (x 3 / 4 — x 3 ) 

(a) y' = (1 + x 2 ) • Qx " 1 / 4 + 3x -4 ) + (x 3 / 4 - x' 3 ) (2x) = ¿74 + ^ + " x?/4 + ¿ 

(b) y = x 3 / 4 - x - 3 + x 11 / 4 - x - 1 => y' = ^ + £ + ifx 7 / 4 + ¿ 

17 . y = ; use the quotient rule: u = 2x + 5 and v = 3x - 2 => u' = 2 and v' = 3 => y' = vu ' v 7 uv ' 

_ (3x — 2)(2) — (2x + 5)(3) _ 6x-4-6x-15 _ -19 

(3x - 2) 2 (3x - 2) 2 (3x - 2) 2 


18. y = ;use the quotient rule: u = 4 - 3x and v = 3x 2 + x => u' = -3 and v' = 6x + 1 => y' = vu ' v2 uv ' 

_ (3x 2 + x)(-3)-(4-3x)(6x+l) _ -9x 2 - 3x + lSx 2 - 21x -4 _ 9x 2 - 24x - 4 
(3x 2 + x ) 2 (3x 2 + x ) 2 (3x 2 + x ) 2 

19. g(x) = ; use the quotient rule: u = x 2 — 4 and v = x + 0.5 => u' = 2x and v' = 1 => g'(x) = vu '^ uv ' 

_ (x + 0.5)(2x) - (x 2 - 4) (1) _ 2x 2 + X - X 2 + 4 _ x 2 + x + 4 
— (x + 0.5) 2 — (x + 0.5) 2 — (X4-0.5) 2 


20. f(t) 


t 2 - i _ (t — i)(t+ 1 ) _ t+i 
t 2 4 -1 — 2 (t + 2 )(t— 1 ) t + 2 


, t ± 1 =► f'(t) 


= (t + 2 )( 1 ) (t + l)(l) = t + 2 — t — 1 
(t + 2) 2 (t + 2) 2 


1 

(t + 2) 2 


21. v = (1 - t) (1 + t 2 ) -1 = 


dv = (l+t 2 )(-l)-(l-tX2t) = —! — t 2 — 2t + 2t 2 = t 2 — 2t — 1 
dt (1 + t 2 ) 2 (1 + t 2 ) 2 ( 1 +t 2 ) 2 


22. w — 


x + 5 
2x — 7 


=$■ w' = 


(2x — 7)(1) — (x + 5)(2) 
(2x - 7 ) 2 


2x — 7 — 2x — 10 _ -17 

(2x — 7 ) 2 — (2x — 7 ) 2 


23. f(s) 



=> f'(s) 


(^+1) 2 


(\A +1 ) ~ (V*~ t) 

2^ (\/s + l) 


NOTE: (y/s) = 2 ^/s fromExample2 in Section 3.2 


yi(^+i) 2 


24. 


u = 


5x + 1 
2^í 


du = (2^(5)-(Sx + l)(^) 

dx 4x 


5x — 1 
4x 3 /2 


25. v — 


— l+x-4^ y = 


x ( 1 ~ 7 ¡ Q -( 1 + x - 4 v / *) _ 2^-1 


26. r = 2 (j¡ + Vi) 


r' = 2 


f 

{ * 



J_ i J_ 

03/2 T 01/2 


27. y = ( X 2 _ + x+ ; use the quotient rule: u = 1 and v = (x 2 — 1) (x 2 + x + 1) => u' = 0 and 

v' = (x 2 - 1) (2x + 1) + (x 2 + x + 1) (2x) = 2x 3 + x 2 - 2x - 1 + 2x 3 + 2x 2 + 2x = 4x 3 + 3x 2 - 1 

. dy _ vu' - uV _ 0 - 1 (4x 3 + 3x 2 - 1) _ —4x 3 - 3x 2 + 1 

dx ” v 2 — ( x 2 — l) 2 ( x 2 + x + l) 2 _ (x 2 — l) 2 (x 2 +x+ l) 2 

oo _ (x + l)(x + 2) __ x 2 + 3x + 2 /_ (x 2 3x + 2) (2x + 3) (x 2 + 3x + 2) (2x 3) _ -6x 2 + 12 _ -6(x 2 -2) 

Z0 - > ~ (x — l)(x — 2) — x 2 -3x + 2 ^ y ~ (x — l) 2 (x — 2) 2 — (x-l) 2 (x-2) 2 — (x-l) 2 (x-2) 2 

29. y = \ X 4 - I X 2 - x => y' = 2x 3 — 3x - 1 => y" = 6x 2 - 3 => y’" = 12x => y< 4 ) = 12 => y (n) = 0 for all n > 5 

30. y = pC x 5 y' — 2L x 4 -A. y" = 1 x 3 y'" = 1 x 2 y(4) — X => y( 5 ) = l => y(") = 0 for all n > 6 

31. y = (x - l)(x 2 + 3x - 5) = x 3 + 2x 2 - 8x + 5 =>• y' = 3x 2 + 4x - 8 => y" = 6x + 4 => y'" = 6 => y W = 0 for all 

n > 4 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 



Section 3.3 Differentiation Rules 111 


32. y = (4x 3 + 3x)(2 — x) = —4x 4 + 8x 3 — 3x 2 + 6x =>■ y' = — 16x 3 + 24x 2 — 6x + 6 =>- y" = —48x 2 + 48x — 6 

=+• y'" = —96x + 48 => y^ = —96 =>■ yW = 0 for all n > 5 

33. y = ^ = x 2 + 7x _1 =+ | = 2x - 7x“ 2 = 2x - ¿ g = 2 + 14x“ 3 = 2 + ±f 

34. s = 1 1 f 1 =l + 5_i = i + 5 t -i - r 2 =4 | = 0 « 5f 2 + 2r 3 = -5f 2 + 2t“ 3 = t ?.+ 2 

=> § = ior 3 - 6 a 4 = f - $ 


35. r = 


_ (g-i) (9 2 + 9 + i) _ ff 3 -i 


9 3 


9 3 


= 1-^ = 1 


=* |=O + 30- 4 = 30- 4 = £=► & = 


-i2r 5 = 


36. u = 


(x 2 +x)(x 2 -x+l) _ x(x+l)(x 2 -x+l) 


t (x 3 + 1) 


= l + á 


| = 0 - 3x -4 = —3x -4 


= F => I? = 12x ~ 5 = F 


1 +x“ 3 


37. w = (=^) (3 — z) = (1 z 1 + l) (3 - z) = z 4 —|+3-z=z 1 + | — z => = —z 2 + 0- l = 


= F - 1 =► 4F = 2z 


di» _ o,-3 _ n — 


o = 2z~ 3 = 4 


38. w = (z + 1 )(z - 1) (z 2 + 1) = (z 2 - 1) (z 2 + 1) = z 4 - 1 =4 ^ = 4z 3 - O = 4z 3 ff = 12z 


3’. P= (4) í 3 # 1 ) 


- g 6 -q 2 + 3q 4 -3 _ 1 9 


12q 4 


= i2 q -12 q +4 


i 2 j|i q—4 =► ai = §q+ gq 3 + q~ 5 = gq+¿ + ¿ 


6q 3 


S!P _ I _ I a -4 _ q ü -6 _ 1 _ J_ _ 5 
dq 2 — 6 2 3 J q - 6 2q 4 q 5 


40. p = 


q 2 + 3 


q 2 + 3 


— q 2 + 3 _ q 2 + 3 _ 1_ _ 1 -1 

2n 2 4 


(q-l) 3 + (q+ l) 3 (q 3 — 3q 2 + 3q- 1) + (q 3 + 3q 2 + 3q + 1) 2q 3 + 6q 2q(q 2 + 3) 2q 

dp — _ 1 n —2 _ _ 
dq 2 4 2q 2 


d+ _ n -3 _ + 
dq 2 4 q 3 


41. u(0) = 5, u'(0) = -3, v(0) = -1, v'(0) = 2 

(a) d d x (uv) = uv' + vu' => ¿ (uv)| x=0 = u(0)v'(0) + v(0)u'(0) = 5 • 2 + (—1)(—3) = 13 

d (u) — vu'-uv' =. d ( u \ | _ v(0)u'(0)-u(0)v'(0) _ (-1X-3) - (5)(2) _ T 

dx V v / v 2 ^ dxlv)lx=0 — (v(0)) 2 — (-1) 2 — ' 

C„\ A (v\ - = A ( v 1 I _ u(0)v'(0) - v(0)u'(0) _ (5)(2) — (— 1)(—3) _ _7_ 

dx Vu/ p dxlullx = o (u(0)) 2 (5) 2 25 

(d) l (7v - 2u) = 7v' — 2u' =4 A (7v - 2u)| x=o = 7v'(0) - 2u'(0) = 7 • 2 - 2(-3) = 20 

42. u(l) = 2, u'(l) = O, v(l) = 5, v'(l) = -1 

(a) d d x (uv)| x=1 = u(l)v'(l) + v(l)u'(l) = 2 • (-1) + 5•O = -2 

,us A (u\ i _ vdAcn-udAd) _ 5 -o-2-(-d _ i_ 

33 dx Vv/ I x = l (v(l)) 2 (5) 2 25 

(r\ A (l\ I _ u(l)v'd)-vd)u'd) _ 2-( —1)—5-0 _ 1 

dx Vu / I x = l (u(l)) 2 (2) 2 2 

(d) ¿ (7v-2u)| x . 1 = 7v'(l)-2u'(l) = 7-(-l)-2-0 = -7 

43. y = x 3 — 4x + 1. Note that (2,1) is on the curve: 1 = 2 3 — 4(2) + 1 

(a) Slope of the tangent at (x, y) is y' = 3x 2 — 4 =+ slope of the tangent at (2,1) is y'(2) = 3(2) 2 —4 = 8. Thus the slope 
of the line perpendicular to the tangent at (2,1) is — f => the equation of the line perpendicular to the tangent line at 

(2,l)isy-l = —|(x —2)ory = —§ + §. 

(b) The slope of the curve at x is m = 3x 2 — 4 and the smallest valué for m is —4 when x = O and y = 1. 
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(c) We want the slope of the curve to be 8 => y' = 8 =í> 3x 2 — 4 = 8 => 3x 2 = 12 =>■ x 2 = 4 => x = ±2. When x = 

y = 1 and the tangent line has equation y — 1 = 8 (x ■ 2) or y = 8 x — 15; when x = 2, y = (—2 ) 3 — 4(—2) + 1 

= 1, and the tangent line has equation y — 1 = 8 (x + 2) or y = 8 x + 17. 

44. (a) y = x 3 — 3x — 2 => y' — 3x 2 — 3. For the tangent to be horizontal, we need m = y' = 0 =>■ 0 = 3x 2 — 3 =>• 3x 2 = 
=> x = ±1. When x — — 1, y = 0 => the tangent line has equation y — 0. The line perpendicular to this line at 
(— 1,0) is x = — 1. When x = 1, y = —4 =>■ the tangent line has equation y = —4. The line perpendicular to this 
line at (1, —4) is x = 1. 

(b) The smallest valué of y' is —3, and this occurs when x = 0 and y = —2. The tangent to the curve at (0, —2) 

has slope —3 => the line perpendicular to the tangent at (0, —2) has slope \ => y + 2 = | (x — 0) or 
y = | x 2 is an equation of the perpendicular line. 


45. y 


4x 

x 2 + l 


dy _ (x 2 + 1)(4) - (4x)(2x) _ 4x 2 + 4 - 8x 2 
dx — (x 2 + l) 2 _ (x 2 + l) 2 


4 ( ( ~ x ^+ 2 1} . Whenx = 0, y = 0 and y' 


4(0 + 1) 
1 


= 4, so the 


tangent to the curve at (0,0) is the line y = 4x. When x = 1, y = 2 => y' = 0, so the tangent to the curve at (1,2) is the 


line y = 2 . 


46. 


y = 


8 

x 2 +4 


=> y' = 


(x 2 +4)(0) — 8(2x) 
(x 2 +4) 2 


pfj- Whenx = 2, y 


1 and y' = 


—16(2) 
(2 2 +4) 2 


line to the curve at ( 2 , 1 ) has the equation y — 1 = — | (x — 2 ), or y = — | + 2 . 


so the tangent 


47. y = ax 2 + bx + c passes through (0, 0) => 0 = a(0) + b(0) + c => c = 0;y = ax 2 + bx passes through (1, 2) 

=> 2 — a + b: y' — 2 ax + b and since the curve is tangent to y — x at the origin, its slope is 1 at x = 0 
=> y' = 1 when x = 0 => 1 = 2a(0) + b => b = 1. Then a + b = 2 => a = 1. In summary a = b = 1 and c = 0 so 
the curve is y = x 2 + x. 


48. y = ex — x 2 passes through (1, 0) => 0 = c(l) — 1 => c = 1 => the curve is y = x — x 2 . For this curve, 

y' = 1 — 2x and x = 1 => y' = — 1. Since y = x — x 2 and y = x 2 + ax + b have common tangents at x = 0, 
y = x 2 + ax + b must also have slope — 1 at x = 1. Thus y' = 2x + a => — 1 = 2 • 1 + a =>■ a=^3 
=> y = x 2 — 3x + b. Since this last curve passes through (1, 0), we have 0=1 — 3 + b =» b = 2. In summary, 
a = —3, b = 2 and c = 1 so the curves are y = x 2 — 3x + 2 and y = x — x 2 . 

49. y = 8 x + 5 =4> m = 8 ; f(x) = 3x 2 - 4x => f'(x) =6x-4;6x-4=8=í>x = 2=» f(2) = 3(2 ) 2 - 4(2) = 4 => (2, 4) 


50. 8x-2y 
=>g(4) 


1 y = 4x — i =$■ m = 4; g(x) = |x 3 — |x 2 + 1 => g'(x) = x 2 — 3x; x 2 — 3x = 4 => x = 4 or x = — 1 
|(4 ) 3 - §(4 ) 2 + 1 = -|, g(-l) = i(-l ) 3 - |(-1) 2 -F !=-§=> (4, -|) or (-1, -|) 


51. y = 2x + 3 m = 2 =» m+=-i; y =-32 y'= 


,/ _ ( x — 2)( 1) — x(l) _ -2 


(x-2) 2 


s-2) 2 ’ (x-2) 2 


=> ±2 = x — 2=>x = 4orx = 0=>ifx = 4, y = = 2 , and if x = 0, y = 


~k ^4=(x-2) 2 

0 (4, 2) or (0, 0). 


52. m = f(x) = x 2 =» f'(x) = 2x; m = f'(x) = 2x => ¿f| = 2x =4> x 2 - 8 = 2x 2 - 6 x => x 2 - 6 x + 8 = 0 

=>x = 4orx = 2=t> f(4) = 4 2 = 16, f(2) = 2 2 = 4 => (4, 16) or (2, 4). 

53. (a) y = x 3 — x => y' = 3x 2 — 1. When x = — 1, y = 0 and y' = 2 => the tangent line to the curve at (—1, 0) is 

y = 2 (x + 1 ) or y = 2 x + 2 . 
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(b) 


(c) 



=> x a — x = 2x + 2 => x 3 — 3x — 2 = (x — 2)(x + l) 2 = 0 => x = 2 or x = — 1. Since 
y = 2(2) + 2 = 6; the other intersection point is (2, 6) 


54. (a) y = x 3 — 6x 2 + 5x => y' = 3x 2 — 12x + 5. When x = 0, y = 0 and y' = 5 => the tangent line to the curve at 
(0,0) is y = 5x. 



Since y = 5(6) = 30, the other intersection point is (6, 30). 


55. lim s^i=50x' 


49 


X -> 1 


= 50 (l) 49 = 50 


56 lim x2/9 ^ 1 = =x^ 7 / 9 

X_í_l X+1 9 a 


í = -1 


9(-l) 7 / 9 


57. g'(x) = 1 since g is differentiable at x = 0 =>■ lim (2x — 3) = — 3 and lim a = a =>■ a = — 3 

6W ’a x < 0 ° x^0 + x-»0“ 


X ^ 

-. ,, since f is differentiable at x = 1 => lim a = a and lim (2bx) = —2b => a = —2b, and 

2bx x < — 1 x —»— 1 + x-^-l- v ' 

since f is continuous at x = —1 => lim (ax + b) = —a + b and lim (bx 2 — 3)=b — 3=>—a + b = b — 3 

=> a = 3 =4> 3 = —2b =>■ b = — 3 . 

59. P(x) = a n x n + a n -ix n_1 H-h a 2 x 2 + aix + a 0 => P'(x) = na n x n_1 + (n - l)a n _ix n ~ 2 4-f 2a 2 x + ai 

60. R = M 2 — y) = | M 2 — j M 3 , where C is a constant =>■ ^ = CM — M 2 

61. Let c be a constant => ^ = 0 =>■ ^(u-c) = u- ^+ c- ^= u- 0 + c^=c^. Thus when one of the 
functions is a constant, the Product Rule is just the Constant Múltiple Rule => the Constant Múltiple Rule is 
a special case of the Product Rule. 


62. (a) We use the Quotient rule to derive the Reciprocal Rule (with u — 1): ^ (i) = 




-i 


J_ ^ dv 
v 2 dx ' 
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(b) Now, using the Reciprocal Rule and the Product Rule, we'll derive the Quotient Rule: ¿ (“) = ^ (u • i) 

—11 dv i du 

= u ' á (£) + i ' E (Product Rule) = u • (^r) s + v E (Reciprocal Rule) => ¿ (®) = dx v , dx 

v du _ dv 

= ^ y2 dx , the Quotient Rule. 

63 . (a) A(uvw)= A ((uv) . w) = (uv) ^ +w .iL (uv) = uv d f+w ( u | +v d,) =uv ^ +wu | +wv | 

= uvw' + uv'w + u'vw 

(b) ¿ (U1U2U3U4) = ¿ ((U1U2U3) U 4 ) = (U1U2U3) ^ + u 4 ¿ (U1U2U3) => ¿ (U!U2U3U 4 ) 

= u 4 u 2 u 3 ^ + u 4 (u 4 u 2 d d u ; + u 3 Ux d d u ; + U3U2 (using (a) above) 

=> ¿ (uiU 2 U 3 U 4 ) = U1U2U3 ^ + U1U 2 U 4 + U1U 3 U 4 + U2U3U4 ^ 

= UiU 2 U 3 U 4 + U!U 2 U3U 4 + U!U2U 3 U 4 + UJU2U3U4 

(c) Generalizing (a) and (b) above, ¿ (u r • -u„) = UiU 2 - • -u n _iu' + UiU 2 - • •u„_ 2 u'_ 1 u n + ... + uíu 2 - • -u n 


d ( -m\ __ d ( 1 \ _ x m Q—l(m x m 3 ) 
dx ( X > — dxlx”Q — 


— v 2m 


65. P = y Rd h — ^ . We are holding T constant, and a, b, n, R are also constant so their derivatives are zero 

dP _ (V — nb)-0 — (nRT)(l) V 2 (0) - (an 2 ) (2V) _ — nRT , 2an 2 

^ dV (V-nb) 2 (V 2 ) 2 (V-nb) 2 ’ t ‘ V 3 


66. A(q) = ^ + cm+ ^ = (km)q 1 + cm+ (|)q => ^ = -(km)q 2 + (|) 


_km 1 h _v d 2 A 

q 2 ' 2 dt 2 


2(km)q- 3 = 2 -f 


3.4 THE DERIVATIVE AS A RATE OF CHANGE 


1. s = t 2 — 3t + 2, 0 < t < 2 

(a) displacement = As = s(2) — s(0) = Om — 2m = —2 m, v av = ^ = =3 = —1 m/sec 

(b) v = ^ = 2t - 3 =>• |v(0)| = | —3| = 3 m/sec and |v(2)| = 1 m/sec; 

a = = 2 =í> a(0) = 2 m/sec 2 and a(2) = 2 m/sec 2 

(c) v = 0=^2t — 3 = 0=M=|.vis negative in the interval 0 < t < § and v is positive when | < t < 2 => the body 
changes direction at t = 3 . 

2. s = 6t — t 2 , 0 < t < 6 

(a) displacement = As = s(6) — s(0) = 0 m, v av = ^ | = 0 m/sec 

(b) v = jjj = 6 — 2t => |v(0)| = | 6| = 6 m/sec and |v(6)| = | —6| = 6 m/sec; 

a = = — 2 =>■ a(0) = —2 m/sec 2 and a(6) = —2 m/sec 2 

(c) v = 0 6 — 2t = 0 => t = 3. v is positive in the interval 0 < t < 3 and v is negative when 3 < t < 6 => the body 

changes direction at t = 3. 

3 . s = -t 3 + 3t 2 - 3t, 0 < t < 3 

(a) displacement = As = s(3) — s(0) = —9 m, v av = ^ = — 3 m/sec 

(b) v = ^ =-3t 2 + 6t - 3 =>■ |v(0)| = |— 3| = 3 m/sec and |v(3)| = | —12| = 12 m/sec; a = = — 6t + 6 

=> a(0) = 6 m/sec 2 and a(3) = —12 m/sec 2 

(c) v = 0 => —3t 2 + 6t — 3 = 0 =$■ t 2 — 2t H- 1 = 0 => (t — l) 2 = 0 => t = 1. For all other valúes of t in the 

interval the velocity v is negative (the graph of v = —3t 2 + 6t — 3 is a parabola with vertex at t = 1 which 

opens downward =>■ the body never changes direction). 
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4. s = £ - t 3 + 1 2 , 0 < t < 3 

(a) As = s(3) - s(0) = | m, v av = ^ = f = § m/sec 

(b) v = t 3 — 3t 2 + 2t =>• |v(0)| = 0 m/sec and |v(3)| = 6 m/sec; a = 3t 2 — 6 t + 2 => a(0) = 2 m/sec 2 and 

a(3) = 11 m/sec 2 

(c) v = 0 => t 3 — 3t 2 + 2t = 0 => t(t — 2)(t — 1) = 0 => t = 0, 1, 2 =>• v = t(t — 2)(t — 1) is positive in Üie interval 

for 0 < t < 1 and v is negative for 1 < t < 2 and v is positive for 2 < t < 3 =>• the body changes direction at 

t = 1 and at t = 2 . 

5. s=f -f, l<t<5 

(a) As = s(5) — s( 1) = —20 m, v av = ~ 20 = —5 m/sec 

(b) v = ^ |v(l)| = 45 m/sec and |v(5)| = 5 m/sec; a = ^ => a(l) = 140 m/sec 2 and 

a(5) = ^ m/sec 2 

(c) v = 0 => ~ 5 ° 3 + 5t = 0 => —50 + 5t = 0=>t=10=> the body does not change direction in the interval 

6 . s = ^ , -4 < t < 0 

(a) As = s(0) - s(—4) = -20 m, v av = — y = —5 m/sec 

(b) v = (t ~ 2 f )2 =$■ |v(—4)| = 25 m/sec and |v(0)| = 1 ín/sec; a = => a(—4) = 50 m/sec 2 and 

a( 0 ) = = m/sec 2 

(c) v = 0 => (t ~ 2 | )2 = 0 =>■ v is never 0 => the body never changes direction 

7. s = t 3 — 6 t 2 + 9t and let the positive direction be to the right on the s-axis. 

(a) v = 3t 2 — 12t + 9 so that v = 0 => t 2 -4t + 3 = (t- 3)(t - 1) = 0 t = 1 or 3; a = 6t - 12 => a(l) 

= —6 m/sec 2 and a(3) = 6 m/sec 2 . Thus the body is motionless but being accelerated left when t = 1, and 
motionless but being accelerated right when t = 3. 

(b) a = 0=>6t — 12 = 0=>t = 2 with speed |v(2)| = 112 — 24 + 9| = 3 m/sec 

(c) The body moves to the right or forward on 0 < t < 1, and to the left or backward on 1 < t < 2. The 

positions are s(0) = 0, s(l) = 4 and s(2) = 2 => total distance = |s(l) — s(0)| + |s(2) — s(l)| = |4| + | —2| = 6 m. 


8 . v = t 2 — 4t + 3 => a = 2t — 4 

(a) v = 0 => t 2 — 4t + 3 = 0 => t = 1 or 3 => a(l) = —2 m/sec 2 and a(3) = 2 m/sec 2 

(b) v > 0 => (t — 3)(t — 1) > 0 =>■ 0<t<lort>3 and the body is moving forward; v < 0 => (t — 3)(t — 1) <0 

=> 1 < t < 3 and the body is moving backward 

(c) velocity increasing => a>0 => 2t — 4 > 0 => t>2; velocity decreasing => a < 0 => 2t — 4<0=>0<t<2 

9. s m = 1.86t 2 => v m = 3.72t and solving 3.72t = 27.8 => t w 7.5 sec on Mars; Sj = 11.44t 2 => v¡ = 22.88t and 

solving 22.88t = 27.8 => t w 1.2 sec on Júpiter. 

10. (a) v(t) = s'(t) = 24 — 1.6t m/sec, and a(t) = v'(t) = s ,/ (t) = —1.6 m/sec 2 

(b) Solve v(t) = 0 => 24- 1.6t = 0 => t = 15 sec 

(c) s(15) = 24(15) - ,8(15) 2 = 180 m 

(d) Solve s(t) = 90 => 24t — , 8 t 2 = 90 =$■ t = 30± ~ 439 se c going up and 25.6 sec going down 

(e) Twice the time it took to reach its highest point or 30 sec 

11. s = 15t — \ g s t 2 => v = 15 — g s t so that v = 0 => 15 — g s t = 0 => g s = y ■ Therefore g s = ^ = | = 0.75 m/sec 2 
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12. Solving s m = 832t — 2.6t 2 = 0 => t(832 — 2.6t) = 0 => t = 0 or 320 =>■ 320 sec on the moon; solving 

s e = 832t — 16t 2 = 0 => t(832 — 16t) = 0 => t = 0 or 52 =>• 52 sec on Ihe earth. Also, v m = 832 — 5.2t = 0 

=> t = 160 and s m (160) — 66,560 ft, the height it reaches above the moon's surface; v e = 832 — 32t = 0 
=>• t = 26 and s e (26) = 10,816 ft, the height it reaches above the earth's surface. 

13. (a) s = 179 — 16t 2 =>■ v = — 32t => speed = |v| = 32t ft/sec and a = —32 ft/sec 2 

(b) s = 0 => 179 - 16t 2 = 0 => t = « 3.3 sec 

(c) When t = ,v = -32 J^ = -8\/l79« -107.0 ft/sec 



(b) a = = 9.8 m/sec 2 


9.8t so we expect v = 9.8t m/sec in free fall 


15. (a) at 2 and 7 seconds 


(b) between 3 and 6 seconds: 3 < t < 6 


(c) 


luí (m/sec) 

Speed 



(d) 


a 



16. (a) P is moving to the left when 2<t<3or5<t<6;Pis moving to the right when 0 < t < 1; P is standing 
still when 1 <t<2or3<t<5 


(b) 


v (cm/sec) 

4 - 


velocity 


speed (cm/sec) 

í 

4 \- o—o 


-ó—ó-6' " ó- 1 - >i (sec) 

1 2 3 5 6 


-ó—ó-ó ¿- 1 - > l (sec) 

1 2 3 5 6 


17. (a) 190 ft/sec (b) 2 sec 

(c) at 8 sec, 0 ft/sec (d) 10.8 sec, 90 ft/sec 

(e) From t = 8 until t = 10.8 sec, a total of 2.8 sec 

(f) Greatest acceleration happens 2 sec after launch 

(g) From t = 2 to t = 10.8 sec; during this period, a = v( 1 1 Q Q 8 8 ) ~y 2) « —32 ft/sec 2 

18. (a) Forward: 0 < t < 1 and 5 < t < 7; Backward: 1 < t < 5; Speeds up: 1 < t < 2 and 5 < t < 6 ; 

Slows down: 0<t< 1, 3 < t < 5, and 6 < t < 7 

(b) Positive: 3 < t < 6; negative: 0 < t < 2 and 6 < t < 7; zero: 2 < t < 3 and 7 < t < 9 

(c) t = 0 and 2 < t < 3 

(d) 7 < t < 9 

19. s = 490t 2 => v = 980t => a = 980 

(a) Solving 160 = 490t 2 => t = * sec. The average velocity was s(4/7 ^~ s(0) = 280 cm/sec. 
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(b) At the 160 cm mark the balls are falling at v(4/7) = 560 crn/sec. The acceleration at the 160 cm mark 
was 980 cm/sec 2 . 

(c) The light was flashing at a rate of 71 = 29.75 flashes per second. 

20 . (a) 



21. C = position, A = velocity, and B = acceleration. Neither A ñor C can be the derivative of B because B's derivative 
is constant. Graph C cannot be the derivative of A either, because A has some negative slopes while C has only 
positive valúes. So, C (being the derivative of neither A ñor B) must be the graph of position. Curve C has both 
positive and negative slopes, so its derivative, the velocity, must be A and not B. That leaves B for acceleration. 

22. C = position, B = velocity, and A = acceleration. Curve C cannot be the derivative of either A or B because 
C has only negative valúes while both A and B have some positive slopes. So, C represents position. Curve C 
has no positive slopes, so its derivative, the velocity, must be B. That leaves A for acceleration. Indeed, A is 
negative where B has negative slopes and positive where B has positive slopes. 

23. (a) c(100) = 11,000 =s> c av = 7Í2™ = $110 

(b) c(x) = 2000 + lOOx - . I x 2 => c'(x) = 100 — .2x. Marginal cost = c'(x) =>- the marginal cost of producing 100 
machines is c'( 100 ) = $80 

(c) The cost of producing the 101 st machine is c(101) — c(100) = 100 ~ = $79.90 

24. (a) r(x) = 20000 (l — 7) => r'(x) = 7^5 , which is marginal revenue. r'(100) = = $ 2 . 

(b) r 1 (101) = $1.96. 

(c) lim r'(x) = lint 2II(KKI = 0. The increase in revenue as the number of Ítems increases without bound 
will approach zero. 

25. b(t) = 10° + 10 4 t - 10 3 t 2 => b'(t) = 10 4 - (2) (10 3 t) = 10 3 (10 - 2t) 

(a) b'(0) = 10 4 bacteria/hr (b) b'(5) = 0 bacteria/hr 

(c) b'( 10 ) = — 10 4 bacteria/hr 

26. Q(t) = 200(30 -t ) 2 = 200 (900 -60t + t 2 ) => Q'(t) = 200(-60 + 2t) => Q'(10) = -8,000 gallons/min is the rate 
the water is running at the end of 10 min. Then ^ (10> 10 ^ (0) = —10,000 gallons/min is the average rate the water flows 
during the first 10 min. The negative signs indícate water is leaving the tank. 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 



118 Chapter 3 Differentiation 


27. (a) y = 6(l- I L) 2 = 6(l^| + 1 | 3 ) => f = ^-l 

(b) The largest valué of $ is 0 m/h when t = 12 and the fluid level is falling the slowest at that time. The smallest 
valué of ^ is -1 m/h, when t = 0, and the fluid level is falling the fastest at that time. 

(c) In this situation, ^ < 0 => the graph of y is 
always decreasing. As $ increases in valué, 
the slope of the graph of y increases from — 1 
to 0 o ver the interval 0 < t < 12. 


V = | Trr 3 => ^ = 47rr 2 =s> ^ | r _, = 4 tt(2) 2 = 16tt ft 3 /ft 

When r = 2, ^ = 1Ó7T so that when r changes by 1 unit, we expect V to change by approximately 167 t. Therefore 
when r changes by 0.2 units V changes by approximately (167 t)(0.2) = 3.27T w 10.05 ft 3 . Note that 
V(2.2) — V(2) « 11.09 ft 3 . 

29. 200 km/hr = 55 |m/sec = 555 m/sec, and D = 55 t 2 =>■ V = y t. Thus V = 555 í|> t = 555 t = 25 sec. When 

t = 25, D = f (25) 2 = 5|5 m 

30. s — v 0 t — 16t 2 => v = v 0 — 32t; v = 0 => t = ^" ; 1900 = v 0 t — 16t 2 so that t = ^ => 1900 = || — g 

=> v 0 = \J (64)( 1900) = 80^19 ñ/sec and, finally, ^ . «^2 . ^i_ « 238 mph. 


28. (a) 

(b) 



31. 


s 



(a) v = 0 when t = 6.25 sec 

(b) v > 0 when 0 < t < 6.25 => body moves right (up); v < 0 when 6.25 < t < 12.5 =>■ body moves left (down) 

(c) body changes direction at t = 6.25 sec 

(d) body speeds up on (6.25, 12.5] and slows down on [0,6.25) 

(e) The body is moving fastest at the endpoints t = 0 and t = 12.5 when it is traveling 200 ft/sec. It's moving slowest at 
t = 6.25 when the speed is 0. 

(f) When t = 6.25 the body is s = 625 m from the origin and farthest away. 
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32. 



(a) v = 0 when t = | sec 

(b) v < 0 when 0 < t < 1.5 => body moves left (down); v > 0 when 1.5 < t < 5 => body moves right (up) 

(c) body changes direction at t = | sec 

(d) body speeds up on (|, 5] and slows down on [0, |) 

(e) body is moving fastest at t = 5 when the speed = |v(5)| = 7 units/sec; it is moving slowest at t = | when the 
speed is 0 

(f) When t = 5 the body is s = 12 units from the origin and farthest away. 

33. 

5 



(a) v = 0 when t = 6± j / ^ sec 

(b) v < 0 when 6 ~^ < t < 6+ j^ => body moves left (down); v > 0 when 0 < t < 6 ~^ or 6+ ^ < t < 4 

=> body moves right (up) 

(c) body changes direction at t = 6± 3 v/ ^ sec 

(d) body speeds upon 2)jJ and slows down on 0, U ( 2 , . 

(e) The body is moving fastest at t = 0 and t = 4 when it is moving 7 units/sec and slowest at t = sec 

(f) When t = the body is at position s « —6.303 units and farthest from the origin. 

34. 
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(b) v < 0 when 0 < t < 6 ~ or < t < 4 => body is moving left (down); v > 0 when 

< t < 6 + ^ => body is moving right (up) 

(c) body changes direction at t = 6± sec 

(d) body speeds up on ^ 6 ~ U ^ 6+ j^ , 4 and slows down on 0, 6 ~ U ^2, 6 + 

(e) The body is moving fastest at 7 units/sec when t = 0 and t = 4; it is moving slowest and stationary at t = 6± 

(f) When t = the position is s ~ 10.303 units and the body is farthest from the origin. 


3.5 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 


1. y = —10x + 3cosx => ^ = —10 + 3 4 - (eos x) = —10 — 3 sin x 


2. y=¿+5sinx=>^ = 4+ 5|- ( sin X) = 4 + 5 eos x 


3. y = x 2 cosx ^ = x 2 (—sinx) + 2xcosx = —x 2 sinx + 2xcosx 


4. y = y/x sec x + 3 =>■ ^ = y/x sec x tan x + + 0 = y/x sec x tan x + 


5. y = esc x — 4-y/x + 7 => ^ = —esc x cot x — // + 0 = —esc x cot x-4 


6. y = x 2 cot x - 4 => ^ = x 2 £ (cot x) + cot x • ( 3 (x 2 ) + 4 = -x 2 esc 2 x + (cot x)(2x) + X 


J ~ x 2 ^ dx — dx ' 

= —x 2 esc 2 x T 2x cot x + 4 


7. f(x) = sinx tanx =>■ f'(x) = sinxsec 2 x + eos x tanx = sinxsec 2 x + cosx^^ = sinx(sec 2 x + 1) 

8. g(x) = cscxcotx => g'(x) = cscx(—csc 2 x) + (—cscxcotx)cotx = —csc 3 x — cscxcot 2 x = —cscx(csc 2 x + cot 2 x) 

9. y = (sec x + tan x)(sec x — tan x) => ^ = (sec x + tan x) ^ (sec x — tan x) + (sec x — tan x) (sec x + tan x) 

= (sec x + tan x) (sec x tan x — sec 2 x) + (sec x — tan x) (sec x tan x + sec 2 x) 

= (sec 2 x tan x + sec x tan 2 x — sec 3 x — sec 2 x tan x) + (sec 2 x tan x — sec x tan 2 x + sec 3 x — tan x sec 2 x) = 0. 
^Note also that y = sec 2 x — tan 2 x = (tan 2 x + 1) — tan 2 x = 1 => ^ = 0.^ 


10. y = (sin x + eos x) sec x =>■ ^ = (sin x + eos x) ^ ( sec x ) + sec x gj (sin x + eos x) 
= (sin x + eos x)(sec x tan x) + (sec x)(cos x — sin x) = (slnx ^°, s x x)slnx + cos ^ o ~^ lnx 

_ sin 2 x + eos x sin x + eos 2 x — eos x sin x 1 c ^ _2 Y 

eos 2 x eos 2 x L 

ÍNote also that y = sin x sec x + eos x sec x = tan x + 1 => / = sec 2 x.) 


11 V — cotx . dy _ (1 +C0t X) jt (cot x) - (cot X) ¿ (1 + cot x) _ (1 + cot X) (-CSC 2 x) - (cot X) (-CSC 2 x) 
y 1 + cot x dx Í1+ cot xl 2 (1-1- cot xl 2 


(1 + cot x)- 


(1 + cot x) 2 


_ — CSC 2 X — CSC 2 x cot X + esc 2 X cot X _ —CSC 2 X 

(1+cotx) 2 (1+cotx) 2 


19 v — eos x , dy _ (1 + sin x) ¿ (eos x) - (eos x) ^ (1 + sin x) _ (1 + sin x) (-sin x) - (eos x) (eos x) 
y 1 + sinx dx (1 + sinx) 2 (1 + sinx) 2 

_ —sin x — sin 2 x — eos 2 x _ —sin x — 1 _ —(1 + sin x) _ —1 

(1+sinx) 2 (1 + sinx) 2 (1+sinx) 2 1 + sinx 
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13. y = ——|- —!— = 4 sec x + cot x =>• ^ = 4 sec x tan x — esc 2 x 

J eos x tan x dx 


i a „ eos x i x v dy x(—sin x) — (eos x)(l) , (eos x)(l ) — x(—sin x) —x sin x — eos x i eos x + x sin x 

' y x ' eos x dx x 2 ' eos 2 x x 2 ' eos 2 x 


15. y = x 2 sin x + 2x eos x — 2 sin x => ^ = (x 2 eos x + (sin x)(2x)) + ((2x)(—sin x) + (eos x)(2)) — 2 eos x 
= x 2 eos x + 2x sin x — 2x sin x + 2 eos x — 2 eos x = x 2 eos x 


16. y = x 2 eos x — 2x sin x — 2 eos x => ^ = (x 2 (—sin x) + (eos x)(2x)) — (2x eos x + (sin x)(2)) — 2(—sin x) 

= —x 2 sin x + 2x eos x — 2x eos x — 2 sin x + 2 sin x = —x 2 sin x 

17. f(x) = x 3 sinxcosx =>• f'(x) = x 3 sinx(—sinx) + x 3 cosx(cosx) + 3x 2 sinxcosx = —x 3 sin 2 x + x 3 cos 2 x + 3x 2 sinxcosx 

18. g(x) = (2 — x)tan 2 x g'(x) = (2 — x)(2tanxsec 2 x) + (—l)tan 2 x = 2(2 — x)tanxsec 2 x — tan 2 x 

= 2(2 — x)tanx( sec 2 x — tanx) 


19. s = tan t — t =$■ ^| = sec 2 1 — 1 

dt 


20. s = t 2 — sec t + 1 =>■ ^ = 2t — sec t tan t 


21. s = 


1 + CSC t 
1 — CSC t 


ds _ (1 — CSC t)(—CSC t cot t) — (1 + CSC t)(csc t cot t) 

dt (1 — csc t) 2 


— CSC t cot t + CSC 2 t cot t — CSC t cot t — CSC 2 t cot t 
(1 — CSC t) 2 


—2 csc t cot t 

(1 — CSC t) 2 


22. s = 


sin t 

1 — eos t 


ds _ (1 - eos t)(cos t) - (sin t)(sin t) _ eos t - eos 2 t - sin 2 1 _ eos t - 1 
dt (1 — eos t) 2 (1 — eos t) 2 (1 — eos t) 2 


1 _ 1 
1 — eos t eos t — 1 


23. r = 4 — O 2 sin 9 => fjg = — (9 2 ^ (sin 9) + (sin 9)(29 )) = — ( 9 2 eos 9 + 29 sin 9) = —9(9 eos 9 + 2 sin 9) 


24. r — 9 sin 9 + eos 9 =>■ ^ = (9 eos 9 + (sin 9){\ )) — sin 9 — 9 eos 9 


25. r = sec 9 csc 9 


4 7 ¡ = (sec 9 )(—csc 9 cot 9) + (csc 9 )(sec 9 tan 9) 


= (^) (JL) (£^|) + (^) (^|) = -=i + i = sec 2 9 - ese 2 9 

\ eos 6 ) \ sin 6 ) \ sin 6 ) \ sin 6 ) \ eos 6 ) \ eos 6 ) sin 2 6 eos 2 6 


26. r = (1 + sec 9) sin 9 => ^ = (1 + sec 9) eos 9 + (sin 0)(sec 9 tan 9) — (eos 9 + 1) + tan 2 9 = eos 9 + sec 2 9 

27 - p = 5 + sU = 5 + tanq =*• í = sec2 q 


28. p = (1 + csc q) eos q => ^ = (1 + csc q)(—sin q) + (eos q)(—csc q cot q) = (—sin q — 1) — cot 2 q = — sin q — ese 2 q 


29. p = 


_ sin q + eos q 

eos q 


dp 

dq 


(eos q)(cos q — sin q) — (sin q + eos q)(—sin q) 
eos 2 q 


_ eos q — eos q sin q + sin q + eos q sin q _ 1 

eos 2 q eos 2 q 


= sec q 


30. p 


tan q 
1 + tan q 


dp _ (1 + tan q) (sec 2 q) — (tan q) (sec 2 q) _ sec 2 q + tan q sec 2 q — tan q sec 2 q _ sec 2 q 

dq (1+tanq) 2 (1+tanq) 2 (1+tanq) 2 


qt ^ _ qsinq dp _ (q 2 — l)(qcosq +sinq(l)) — (qsinq)(2q) _ q 3 cosq + q 2 sinq —qcosq—sinq —2q 2 sinq 

óí - p - =* y - (^777 - (+—W 

_ q 3 eos q — q 2 sin q — q eos q —sin q 

“ (q 2 -0 2 
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